Abstract. -Let K be a number field and S a finite set of places of K. We study the kernels
has the following injection (due to Shafarevich and Koch, see for example [3, Let us write K S ppq{K as the maximal pro-p extension of K inside K S , and put G S ppq " GalpK S ppq{Kq. It is an exercise to see the quotient G S ։ G S ppq induces the injection X [5, Chapter VII, §5] ). The Shafarevich group X 2 S is central to the study of the maximal pro-p quotient G S ppq of G S , in particular when S is coprime to p: obviously, one gets
which is sufficient to produce criteria involving the infinitess of G S ppq (thanks to the Golod-Shafarevich Theorem). Here δ v,p " 1 or 0 as K v contains the pth roots of unity or does not.
Observe that thanks to (1), one can force X 2 S to be trivial (see the notion of saturated set S in §1.2), which can also yield situations where G S ppq has cohomological dimension 2. See [4] for the first examples and [6] for general statements.
Before giving our main result, we make the following observation: given p a prime number, and two finite sets S and X of places of K, one has: (2) where the middle surjection follows as V SYX Ă V X . To simplify, we consider only the case where the finite places X and S are coprime to p. Here we prove:
Theorem A. -Let p be a prime number, and let K be a number field. Let X be a finite set of places of K coprime to p. There exist infinitely many finite sets S of finite places of K, all coprime to p, such that:
In particular, we have the exact sequence
As mentioned above, the computation of X 
Notationś
We fix a prime number p and a number field K. We identify a prime ideal p Ă O K with the place v it defines. We write K v for the completion of K at v and U v for the units of the local field K v ; when v is archimedean, put U v " Kv .
One says that a prime ideal p is tame if #O K {p " 1pmod pq, which is equivalent to
If S is a finite set of places of K, we denote by K S ppq{K (resp. K ab S ppq{K) the maximal pro-p extension (resp. abelian) of K unramified outside S, and we put G S ppq " GalpK S ppq{Kq (resp. G By convention, the infinite places in S are only real. Let us write S " S 0 Y S 8 , where S 0 contains only the finite places and S 0 only the real ones. Put δ 2,p "
The set S is said to be coprime to p, if all finite places v of S are coprime to p; it is said to be tame if S is coprime to p and S 8 " H.
Put V S " tx P Kˆ, vpxq " 0 pmod pq @v; x P K p v @v P Su. Note Kˆp Ă V S for all S. 
When S is as in the Gras-Munnier criterion, i.e. the necessary and sufficient condition of the theorem holds, one says that the elements σ v i satisfy a strongly nontrivial relation. When one only has
with the a i not all zero, one says that the σ v i 's satisfy a nontrivial relation. Remark 1.2. -In fact, we don't find Theorem 1.1 in [1] in this form, the difference coming from the real places (and then only for p " 2). Indeed, one starts with the following: for a real place v, in our context we speak of ramification, and in the context of [1] Gras speaks of decomposition. Hence the governing field in [1] is smaller than L 1 and the condition he obtains did not involve the σ v 's, v P S 8 (in fact, in his case these σ v are trivial). But the proof is the same, we can follow it without difficulty due to the fact that for v P S 8 , one has: 
As M{H is totally ramified at at least one prime ideal, at least one ψ v has order p 2 .
Now we will focus on the case where Σ contains only finite places, and we use the notation p instead of v.
Let S be a finite non-empty set of tame places of K where each prime p (corresponding to v P S) is such that Npqq " 1pmod p 2 q. Let us write now Σ q " S Y T q , where T q " tqu is also tame. We are interested in the existence of a degree-p 2 cyclic extension K q {H, abelian over K and unramified outside Σ q , such that K q {H has degree p 2 and for which the inertia degree at q is exactly p. For p P Σ q , let us fix χ p a generator of pU p {pU p q p 2 q˚. By (3), K q exists if and only if, there exist a q P Fp , and b p P Z{p 2 , p P S, such that
and such that at least one b p P pZ{p 2 Zqˆ. This last condition can be rephrased thanks to Kummer theory with the following governing field (see [ 
where K 2 " Kpζ p 2 q. For each prime p P Σ q let us choose a prime P|p of K 2 , and denote by σ p the Frobenius of P in GalpL{K 2 q. As before, σ p depends on P|p only up to a power coprime to p. The above discussion allows us to obtain the following: 
showing that d p G S is easy to compute when S is saturated.
Proposition 1.7. -Let S and T be two finite sets of places of K coprime to p. Suppose S is saturated. Theń if S Ă T , then T is saturated; for every tame place v R S, one has
Proof. -The first point is due to the fact that V T Ă V S , and the second point is a consequence of (5) Proof. -The first part follows from Nakayama's lemma. For the second, the fact that G S ppq acts transitively on the inertia groups I w of w|v P T in X pS, T q implies
where t " |T |. Taking the G S ppq-coinvariants, we obtain F t p ։ X S,T . Applying the Hochschild-Serre spectral sequence to (6), one gets: Lemma 1.12. -Let S, T be two finite sets of places of K coprime to p. Then one has :
SYT,p . Furthermore, the cokernel of the natural injection X X,p ãÑ B X decreases in dimension as X increases.
Proof. -The Hochschild-Serre spectral sequence gives the exact commutative diagram:
Chasing the trangression map X 
/ / / / B SYT where the bottom horizontal map is surjective as the inclusion V SYT {Kˆp ãÑ V S {Kˆp is immediate from the definition of V X . The second result follows. Lemma 1.14.
Proof. -If S Y T is saturated then V SYT {Kˆp " t1u, which implies that B SYT " t1u. Hence, by (1) X 2 SYT " t0u, and the same holds for X 2 SYT,p . We conclude with Lemma 1.12.
An important consequence of Lemmas 1.12 and 1.14 is that elements of X _ S,T can give rise to elements of X 2 S,p . The former can be found via ray class group computations. We thus have a method of producing independent elements of X 
Proof of the results

A key
Proposition. -Let p be a prime number. Let K be a number field and let X be a finite set of places of K coprime to p. The proof of Theorem 1.1 is a consequence of the following proposition.
Proposition 2.1. -There exist (infinitely many) pairs of finite sets of tame places S and T of K such that:
where the inertia group at q is of order p.
Proof. -(of Proposition 2.1.) Given a prime p of O K , coprime to p, we choose a prime P|p of F, and we consider its Frobenius σ p :" σ P in the Galois group GalpF{K 1 q and its quotients. As mentioned earlier, this is well-defined up to a nonzero scalar multiple in GalpF{K 1 q and that is all we need.
Put E X " xσ p |F 0 , p P Xy Ă GalpF 0 {K 1 q the subgroup of GalpF 0 {K 1 q generated by the Frobenii of the primes p P X.
We choose S and T as follows:
´let T be any set of primes q whose Frobenii σ q in G are such that the restriction in GalpF 0 {K 1 q forms an F p -basis of a subspace in direct sum with E X : in other words,
and xσ q |F 0 , q P T y " à qPT xσ q |F 0 y.
letX be those places of X whose Frobenii lie in GalpF{F 1 q and let S be any set of primes p whose Frobenii σ p in G form in direct sum with the Frobenii inX a basis of GalpF{F 1 q.
As GalpF 1 {K 1 q has exponent p, we see for each q P T , σ p q P GalpF{F 1 q. Observe also that if σ q |K 2 is not trivial (which is equivalent to Npqq ‰ 1 pmod p 2 q), then σ p q is the Frobenius at P in GalpF{F 2 q; otherwise σ p q is the p-power of the Frobenius at Q | q in GalpF{F 2 q.
By Theorem 1.8 the set T YX is saturated. Moreover thanks to the condition on the direct sum for the Frobenius at p P T , by Theorem 1.1, there is no cyclic degree-p extension of K, unramified outside T Y X and totally ramified at any nonempty subset of places of T : (4) in GalpF{F 1 q Ă GalpF{L 1 q for the set S YX Y tqu, q P T . After taking the quotient of this relation by GalpF{Lq, we obtain by Proposition 1.5 that for each prime q P T , the existence of a degree-p 2 cyclic extension K q {H, abelian over K and unramified outside S Y X Y tqu for which the inertia at q is of order p, proving pivq. piiiq is obvious. b) Assume now that that K 2 Ă F 0 . Let A i , i " 1,¨¨¨, d be ideals of O K , whose classes are a system of minimal generators of Cl K rps, and let a i P OK such that pa i q "
Now take T and S as in case a). 
Examples
In this section we give a few examples of fields K and sets S such that in the diagram . Indeed, we suspect equality in that case. In the examples below, p i refers to the ith prime of K above the rational prime p as MAGMA presents the factorization. All code was run unconditionally, that is we did not use GRH bounds for computing ray class groups. 
